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Abstrat
Suppose that an almost periodi in Besiovith's sense funtion
f(x) of several variables is the restrition to the real hyperplane of an
entire funtion of exponential type b. Then its spetrum is ontained
in the ball of radius b with the enter in the origin.
In his paper [3℄ H. Bohr showed that the spetrum of an almost periodi
funtion f(x) on the real axis R is a subset of [−σ, σ], as long as f is the
restrition to R of an entire funtion of an exponential type σ. R. Boas [2℄
extended the assertion to almost periodi funtions on R in Besiovith's
metri (for brevity, B-almost periodi funtions). In the general ase, these
funtions are unbounded on R, hene the proof of the latter assertion is more
diult.
H. Bohr's result was generalized to almost periodi funtions in a nite
dimensional spae by S.Yu. Favorov and O.I. Udodova [8℄. But the ase of
Balmost periodiity is more ompliated, beause restritions to straight
lines of Balmost periodi funtions in Rp are not neessary almost periodi.
It should be mentioned that Balmost periodi funtions of several vari-
ables were onsidered earlier in [4℄, [6℄, [7℄. But in [6℄, [7℄ the spetrum of
funtions was not under onsideration, and in [4℄ the author studied only B
almost periodi funtions with bounded Besiovith's norm in a tube domain
with a one in the base.
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Our proof diers from ones in [2℄, [3℄, [8℄ and is based on estimates of entire
funtions and Logvinenko's theorem [9℄ on the growth of entire funtions of
several variables on the hyperplane Rp.
We will use the following notations.
By z = x + iy, z = (z1, ..., zp), x = (x1, ..., xp), y = (y1, ..., yp) we denote
the vetors in Cp (or, respetively, in Rp, ′x means the vetor (x2, ..., xp) ∈
Rp−1, 〈x, y〉 is the inner produt in Rp. Next, |z|, |x|, |′x| are the Eulidean
norms in the spaes C
p
, R
p
, and R
p−1
, respetively. By dx, d′x, and dx1 we
denote the Lebesgue measure in Rp, Rp−1, and R, respetively. Furthermore,
B(x, δ) means the open ball in Rp of radius δ with the enter in x, C with
lower indexes are onstants, depending only on f .
Besiovith's norm of a loally integrable funtion f(x) in Rp is the limit
‖f‖B = lim
T→∞
(
1
2T
)p ∫
[−T,T ]p
|f(x)|dx.
The funtion f(x) is alled Balmost periodi in Rp, if for any ε > 0 there is
a (generalized) trigonometri polynomial
P (x) =
∑
cne
i〈x,λ(n)〉, cn ∈ C, λ
(n) ∈ Rp, (1)
suh that
‖f − P‖B < ε.
The Fourier oeient of f is the limit
a(λ, f) = lim
T→∞
(
1
2T
)p ∫
[−T,T ]p
f(x)e−i〈x,λ〉dx. (2)
The spetrum spf of f(x) is the set
{λ ∈ Rp : a(λ, f) 6= 0}.
Note that the existene the limit (2) and ountability of the spetrum follow
easily from the denition of Balmost periodiity, and the equality
a (λ, P ) =
{
cn, λ = λ
(n)
0, λ 6= λ(n),
(3)
2
whih holds for any n and any polynomial (1).
By [7℄, for any Balmost periodi funtion there exists a sequene of
polynomial (1) (the so-alled Bohner-Fejer sums) with λn ∈ spf , whih
approximate f .
The main result of our paper is the following theorem.
Theorem 1. Let a Balmost periodi funtion f(x) in Rp extends to Cp as
an entire funtion with the bound
|f(z)| ≤ C0e
σ|z|. (4)
Then we have spf ⊂ B(0, σ).
The proof of this theorem is based on the following statement.
Theorem 2. Let f(x), x ∈ Rp be a funtion with a nite norm ‖f‖B. If f
an be extended to Cp as an entire funtion with estimate (4), then
|f(x)| ≤ C1
p∏
j=1
(1 + |xj |)
p ∀x ∈ Rp. (5)
We get the proof of theorem 2, using the following auxiliary results.
Theorem A ([9℄). Let f(z) be an entire funtion on Cp, whih satises (4),
and E be a δ-net in Rp. If σδ < K(p), then
sup
x∈Rp
|f(x)| ≤ (1− σδ)−1 sup
x∈E
|f(x)|.
Theorem B (see, for example, [5℄, p. 311). Let a funtion g(w) be a holo-
morphi in C+ = {w ∈ C, Imw > 0}, ontinuous in the losure of C+, and
satisfy the estimate
|g(w)| ≤ cea|w|, w ∈ C+. (6)
If
+∞∫
−∞
log+ |g(t)|
1 + t2
dt <∞, (7)
then
log |g(w)| ≤
Imw
pi
+∞∫
−∞
log |g(Rew + t)|
t2 + (Imw)2
dt+ hImw, w ∈ C+,
where h = lim
t→+∞
log |g(it)|
t
.
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In the ase sup
R
|g(w)| < ∞ theorem B yields the well known version of
FragmentLindelof Priniple
|g(w)| ≤ sup
Imw=0
|g(w)|ehImw, w ∈ C+. (8)
Proof of Theorem 2. Sine ‖f‖B < ∞, we get for any δ ∈ (0, 1) and
x˜ ∈ Rp ∫
B(ex,δ)
|f(x)|dx ≤
∫
[−ex−δ,ex+δ]p
|f(x)|dx ≤ C2 (1 + |x˜|)
p .
Therefore there is a onstant C3 <∞ suh that for any ball of radius δ there
exists a point x′ in the ball with
|f(x′)| ≤ C3δ
−p (1 + |x′|)
p
.
Put
g(z) = f(z)
p∏
j=1
(
sin zj
zj
)p
.
We have
|g(z)| ≤ C0e
(σ+p2)|z|, z ∈ Cp.
Sine |g(x)| ≤ C4δ
−p
at the points of the δ-net, we see that theorem A with
a suitable δ implies the bound
sup
x∈Rp
|g(x)| ≤ C5. (9)
Using (9), we apply inequality (8) rst in the domain Imz1 > 0, and then in
the domain Imz1 < 0. We get
|g(z1,
′x)| ≤ C5e
(σ+p2)|y1|
(10)
for all z1 = x1 + iy1 ∈ C,
′x ∈ Rp−1. Apply (8) to the funtion g(z1, . . . , zp)
as a funtion in the variable z2 and use (10) instead of (9). Repeating these
arguments by the variables z3, . . . , zp, we get
|g(z)| ≤ c5e
(σ+p2)(|y1|+...+|yp|).
Therefore, ∣∣∣∣∣f(z) ·
p∏
j=1
(
sin zj
zj
)p∣∣∣∣∣ ≤ C6
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on the set A = {z ∈ Cp : |y1| ≤ 1, . . . |yp| ≤ 1}. Hene,∣∣∣∣∣f(z) ·
p∏
j=2
(
sin zj
zj
)p∣∣∣∣∣ ≤ C7(1 + |z1|)p
on the set {z : z ∈ A, z /∈
⋃
n
B(npi, 1
2
)} . By the Maximum Priniple, we get
the same inequality with the onstant 2pC7 instead of C7 at every point of A.
Repeating these arguments p− 1 times, we obtain (5). Theorem is proved.
For the proof of Theorem 1 we need the following Lemma.
Lemma. Suppose that f(z) is an entire funtion in Cp, whih satises (4),
and its restrition to Rp satises the ondition ‖f‖B ≤ ∞. Then for any
s0 ∈ (0,∞), T ≥ T (s0), and s ∈ (0, s0) we get∫
[−T,T ]p
|f(x1 + is,
′ x)|e−sσdx ≤ C8T
p,
with C8 = 2
p+1(1 + 2 · 3p‖f‖B).
Proof of the Lemma. By theorem 2, the funtion f(z1,
′x) satises (7)
in the variable z1 for any xed
′x ∈ Rp−1. Taking into aount (4), we get
lim
t→∞
log |f(iy1,
′x)|
y1
≤ σ.
Hene Theorem B implies for any s > 0
log |f(x1 + is,
′x)| ≤
s
pi
+∞∫
−∞
log |f(t+ x1,
′x)|dt
t2 + s2
+ σs.
Sine the measure
s
pi
· dt
t2+s2
is a probability one on R, we get for any loally
integrable funtion h(t) on R
exp
 s
pi
∫
|t|≤2T
h(t)dt
t2 + s2
 ≤ s
pi
∫
|t|≤2T
eh(t)dt
t2 + s2
+
s
pi
∫
|t|>2T
dt
t2 + s2
.
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Next,∫
[−T,T ]p
|f(x1 + is,
′x)|e−σsdx ≤
∫
[−T,T ]p
exp
 spi
+∞∫
−∞
log |f(t+ x1,
′x)|
t2 + s2
dt
 dx
≤
∫
[−T,T ]p
exp
 spi
∫
|t|≤2T
log |f(t+ x1,
′x)|
t2 + s2
dt
×
exp
 spi
∫
|t|>2T
log |f(t+ x1,
′x)|
t2 + s2
dt
 dx ≤
∫
[−T,T ]p
 s
pi
∫
|t|≤2T
|f(t+ x1,
′x)|
t2 + s2
dt+ 1
 exp
 spi
∫
|t|>2T
log |f(t+ x1,
′x)|
t2 + s2
dt
 dx.
By (5) we have for x ∈ [−T, T ]p
s
pi
∫
|t|≥2T
log |f(t+ x1,
′x)|
t2 + s2
dt ≤
s
pi
∫
|t|≥2T
C3
(
p∑
j=1
p log+(1 + |xj|) + p log
+ t
)
t2 + s2
dt
≤ C3
p2 log(1 + T ) s
pi
∫
|t|≥2T
dt
t2 + s2
+
ps
pi
∫
|t|≥2T
log+ tdt
t2 + s2
 .
Note that the latter expression bounds from above by log 2 for s ≤ s0 and
T ≥ T (s0).
Therefore, taking into aount the inequality∫
[−T,T ]p
|f(x)|dx ≤ 2‖f‖B (2T )
p , T ≥ C9
we obtain∫
[−T,T ]p
|f(x1 + is,
′x)|e−sσdx ≤ 2
 s
pi
∫
|t|≤2T
dt
t2 + s2
∫
[−T,T ]p
|f(x1 + t,
′x)|dx+ (2T )p

6
≤ 2p+1T p + 2
s
pi
∫
|t|≤2T
dt
t2 + s2
 ∫
[−3T,3T ]
|f(x)|dx
 ≤ 2p+1(1 + 2 · 3p‖f‖B)T p.
Lemma is proved.
Proof of Theorem 2
Let A be an orthogonal matrix in Rp. It is easy to hek the equality
a(λ, f) = a(A−1λ, fA), (11)
where fA(x) = f(Ax) and λ is an arbitrary vetor in R
p
.
Indeed, it follows from (3) that this equality is true for any polynomial
P (1). To prove it for an arbitrary Balmost periodi funtion, we an
approximate it by polynomial P suh that ‖f − P‖B < ε. Therefore,
‖fA − PA‖B < K
pε, where K = max
j
|Aej |, ej is the natural basis in R
p
.
Hene, we obtain (11).
Take λ ∈ Rp, |λ| > σ. Sine bound (4) is the same for fA, we may suppose
that λ = (−σ − η, 0, . . . , 0), η > 0. In this ase we have
a(λ, f) = lim
T→∞
(
1
2T
)p ∫
[−T,T ]p
f(x1,
′x)eix1(σ+η)dx. (12)
The funtion f(z1, x
′) is holomorphi in z1, therefore for any y1 > 0 we have∫
[−T,T ]p
f(x1,
′x)eix1(σ+η)dx =
i
y1∫
0
∫
[−T,T ]p−1
f(−T + is, ′x)e−iT (σ+η)−s(σ+η)d ′x ds+
∫
[−T,T ]p
f(x1 + iy1,
′x)eix1(σ+η)−y1(σ+η)dx−
i
y1∫
0
∫
[−T,T ]p−1
f(T + is, ′x)eiT (σ+η)−s(σ+η)d ′x ds
= I1(T, y1) + I2(T, y1)− I3(T, y1).
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By Lemma, we get
|I2(T, y1)| ≤ C8T
pe−ηy1 ,
hene for a given ε > 0 and suiently large y1
lim
T→∞
|(2T )−pI2(T, y1)| ≤ ε. (13)
Next, |I1 − I3| ≤ G(T ), where
G(x1) =
y1∫
0
∫
[−T,T ]p−1
e−sσ (|f(x1 + is,
′x)|+ |f(−x1 + is,
′x)|) ds d ′x.
By Lemma, the Lebesgue measure of the set
E =
{
x1 :
T
2
< |x1| < T, G(x1) > 3C8T
p−1|y1|
}
is at most
1
2C8|y1|T p−1
∫
E
G(x1)dx1 ≤
1
3C8|y1|T p−1
y1∫
0
∫
[−T,T ]p
e−sσ (|f(x1 + is,
′x)|+ |f(−x1 + is,
′x)|) dx ds <
2T
3
.
Hene for some T ′ ∈
[
T
2
, T
]
\E we get G(T ′) ≤ 3C8|y1|T
p−1
. Therefore we
have
lim
T ′→∞
(2T ′)
−p
|(I1(T
′, y1)− I3(T
′, y1))| = 0.
Thus, the latter bound and (13) yield a(λ, f) = 0. Theorem is proved.
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